Abstract-In this paper we present a mobile robot tracking controller, which when applied to leader-following, enables the follower to move along a trajectory "parallel" to its leader, maintaining a specific relative position with respect to it. The dynamic model for the mobile robot is first developed, and then the tracking controller is constructed based on backstepping. We show that this controller asymptotically stabilizes the tracking error to the origin. Simulation and experimental results are presented to demonstrate the efficacy of the proposed controller, and highlight its potential use on formation control. Pure tracking is discussed as a special case, and it is noted that the proposed approach can be applied even to cases where reference trajectories are kinematically infeasible. Motivated by experimental observations, we analyze the effect of cumulative odometry errors on the performance of the tracking controller, and we show that tracking errors remain bounded if absolute position measurements are available infinitely often.
I. INTRODUCTION
In trajectory tracking [1] - [9] , mobile robot is steered to follow a desired spacial trajectory, parameterized in terms of time; multi-agent navigation control [10] - [23] on the other hand, consists of coordinating a group of robots so that a desired formation is achieved and maintained. Both problems are related by the fact that a desired trajectory is typically prescribed, and by following this reference trajectory, the robots perform the desired task. This relationship motivates the application of modified tracking algorithms to a type of cooperative navigation commonly referred to as leaderfollowing [10] , [14] , [20] , [22] .
Trajectory tracking is commonly addressed from a modelbased perspective: the control algorithm is developed based on the available model for the plant, and different design techniques are being used to stabilize the tracking error to zero. Depending on the type of model utilized, results can be categorized to kinematic model based tracking [1] - [4] , [9] , or dynamic model based tracking [5] - [8] . Design techniques vary from feedback-linearization [8] , [9] , LQR [4] , and backstepping [1] , [5] , to sliding mode control [6] , [7] . While most of the work reported in literature [1] , [3] - [9] makes the implicit assumption that reference trajectories are feasible, that is, they can exactly be reproduced by the system's model, it appears that this might not be a restriction after all: a tracking controller that works around J. Piovesan this problem is presented in [2] by including an estimator that approximates the infeasible velocities of the target with feasible ones. Control inputs are then calculated to match the feasible velocities given by the estimator.
The multi-agent navigation problem has also been approached from different perspectives, such as leaderfollowing [10] , [14] , [20] , [22] , biologically inspired decentralized consensus algorithms [13] , [15] - [19] , modelindependent formation controllers [12] , virtual structures [21] , as well as control Lyapunov functions [23] . The focus is on the interactions between the agents, and individual agent dynamics are simplified to single or double integrators [13] , [15] - [19] . A more realistic kinematic models is used in [20] , while in [21] the model includes a trivial (integrator-type) dynamic extension.
We attempt to exploit the similarity of tracking and formation control problems, and start by developing a modelbased tracking controller, which we then extend and apply to leader-following. By constructing and using a full dynamical vehicle model, we construct a formation controller which is hopefully one step closer to implementation. This step inevitably leads to additional complexity, which nevertheless can be indicative of the type of issues need to be faced. Our contribution is a new leader-follower control law, which is based on a dynamic model for a unicycle-type mobile robot. Our theoretical analysis establishes the asymptotic stability properties of the closed loop system. We show in simulations and experimental results that this tracking law could be applied to formation control, and discuss the technical details of this possibility. We also demonstrate that our approach can be applied to instances of tracking problems where reference trajectories are infeasible. Motivated by experimental observations, we prove boundedness for the tracking errors under the assumption that absolute position information is occasionally available to the system (for example, by ultrasonic sensors, laser rangefinders, etc.).
II. ROBOT MODEL
The mobile platforms are unicycle-type mobile robots. The kinematic and dynamic model of the robot is developed using a global coordinate frame {U } and a body-fixed coordinate frame {B} as shown in Figure 1 .
The center of the driving wheels' axis of our unicycle-type mobile robot and the origin of {B} are assumed to be the same, thus the kinematic equations can be written as:
where x and y are the position coordinates of the origin of {B} in {U }, θ is the orientation of the robot in {U }, and v and ω are the linear and rotational speeds of the robot, respectively. The dynamics of the robot model can be expressed with reference to {B}. Under the assumption that friction takes the form of viscous torque, the dynamic equations can be written as:
where m is the mass of the robot, J is the inertial moment, r is the radius of the driving wheels, l is half of the distance between the driving wheels, τ r and τ l are the torques of the motors attached to the left and right wheel respectively, and η and ψ are the viscous and rotational friction coefficients, respectively. Collecting the model equations,
where p is x y T , and the control inputs u 1 and u 2 are equal to
respectively. The parameters of the robots' dynamic model given by equation (1) are given in Table I . A brief description of the procedure to obtain these parameters is provided at [24] (available at [25] 
III. LEADER-FOLLOWER CONTROL LAW
The objective of our control law is to have a follower robot track its leader's trajectory, maintaining a fixed instantaneous relative position. These trajectories should be "parallel," in the sense that one can be obtained from the other by pure translation. Our working assumption is that arbitrarily small portions of a smooth leader's trajectory can be abstracted to a circular section of any given radius (infinite radius for straight lines). If such trajectory is time varying, a smoothness assumption (made in subsequent paragraphs) guarantees that the time varying radius of curvature has no discontinuities over time. The following Definition introduces necessary notation.
, and R C are defined as follows:
T is the desired x y T position of the leader in the followers body fixed frame {B} ( Figure  2 ); Note that, since our objective is to have the agents follow parallel smooth trajectories, and maintain a prescribed formation, the distance L Y comp is dependent on the curvature of the trajectory described by the leader, as shown in Figure 3 . This causes L Y comp to be a time-varying parameter that must
Application of elementary geometry on the sketch of Figure 3 suggests that for the particular example depicted,
Generally, the behavior of L Y comp is determined by (2), but some additional considerations and assumptions are needed: Assume that the leader robot always moves forward, that is, V d ≥ 0. Under this assumption, R C can be positive or negative depending on the sign of the angular speed of the leader. This modifies (2) as
In addition, note that R C can never be smaller that L Xof f , meaning that the desired distance L Xof f can never be larger that the radius of the circle tangent to the leader's trajectory. The sharper the leader's turn, the closer the leader must be, implying that L Xof f can be at most as big as R C (L Xof f ≤ R C ). Also note that for ω d = 0 or R C = ∞ (the case of a straight line trajectory) L Y comp is reduced to zero. Summarizing, and with reference to Figure  4 , L Y comp is expressed as:
Note that L Y comp is nonsmooth; however, it can be approximated by the smooth function as shown in Figure 4 :
where G, δ and are smooth functions of L Xof f , selected by means of calibration and basic curve statistical fitting. This approximation is necessary because of a smoothness assumption made for L Y in a subsequent paragraph. will be maintained (at the expense of large control signals), even in cases where R C is not significantly larger than L Xof f . Stability is still guaranteed even when R C < L Xof f , which is the most critical case. The leader-follower control problem is the following: Given a sufficiently smooth time-varying desired trajectory 
Definition 2 Let e be given by e
Differentiating, we obtain the error dynamicṡ
Consider the Lyapunov function candidate V 1 = 1 2 e T e, the derivative of which iṡ
Having no direct access to −L Y ω + v L X ω , we regard it as a virtual control input, and define a new error z:
where S is the skew-symmetric matrix S = 0 −ω ω 0 . We define a new Lyapunov function candidate:
T z the derivative of which is:
with h defined as
Based on (6), we define the control signals u 1 and u 2 :
We thus have the following result:
Theorem 1 In the closed loop system (1) and (8) , with h given by (7), z by (5), and K e , K z > 0, the error e converges asymptotically to zero. 
Equation (8) can be used for leader-follower based formation control. Leader-follower pairs can be joined in cascade or in parallel interconnections. The analysis then focuses on how tracking errors propagate through the interconnection network and can be performed along the lines of [22] or [14] .
A special case of (8) is the pure trajectory tracking problem, stated as follows: Given a C 3 time-varying desired trajectory p d (t) : [0, ∞) −→ R 2 , find τ r and τ l such that the tracking error e = p − p d converges to a neighborhood of the origin that can be made arbitrarily small.
In pure trajectory tracking, L X = L and L Y = 0. An analysis similar to the one performed for the leader-follower case results in the tracking law:
where 
Corollary 1 In the closed loop system (1) and (9), with h given by (11), z by (10), and with K e , K z > 0, the error e = p − p d converges asymptotically to a neighborhood of zero that can be made arbitrarily small.
Remark 4 Note that for this pure tracking control law, no feasibility assumptions are made for the desired trajectory, other than p d (t) ∈ C
3 . An example of an infeasible reference trajectory satisfying our smoothness assumption is (14) .
IV. SIMULATION RESULTS

A. Simulations for the leader-follower law
Numerical simulations of the leader follower control law were performed in Simulink c . In our two simulation tests, robots are supposed to follow a "virtual" leader moving on a lemniscate and circular trajectory. Using the same
T , agents 1 and 2 are tracking the reference trajectory marked by the virtual cart. Agent 3 tracks agent 1, and agent 4 tracks agent 2. Each agent runs an instantiation of the same controller using as parameters K e = 1. The circular reference trajectory is given bẏ The lemniscate reference trajectory used in the second simulation test is defined as:
with a = 10 and c = 0.1. The trajectory offset for agents was setup such that a wedge formation was obtained. 
B. Simulations for the pure tracking special case
For the pure tracking case, we tested an example with an infeasible reference trajectory:
The control parameters are K e = 1. Desired and actual trajectory of the robot for a non-feasible trajectory Figures 9 and 10 show the robot tracking the desired trajectory, maintaining the asymptotic stability even during the infeasible section of such trajectory. This can be seen in Figure 10 , where the trajectory of the robot does not track the infeasible change in direction, but converges to the desired trajectory after a transient.
V. EXPERIMENTAL RESULTS
In this section we present experimental tests performed in two robotic platforms that fall into formation with one virtual leader. 
A. Test set-up and communication issues
We assume thatL Y andL Y are negligible. The experimental set-up includes a computer serving as a virtual leader, generating the reference trajectory and transmitting it to the robots, two laptops positioned on top of the robots controlling them, and a fourth computer collecting and organizing the experimental data ( Figure 11 ). The virtual leader and the data collector computer are linked over a LAN, while the robots are connected over a wireless LAN (IEEE 802.11b). UDP (User Datagram Protocol) is chosen as the transmission protocol, after we found that TCP can exhibit packet retention due to its "slow start" feature [26] . The controller was implemented in LabView c , taking advantage of its multithreading capability because the agents have to execute several processes concurrently. 
B. Results
The same reference trajectories are used as in simulation. Videos are available at [25] .
In the test shown in Figure 12 , a circular trajectory is calculated online in the central command computer, and transmitted to the mobile robots. The controller parameters are kept the same as in simulations tests. For the reference trajectory (12) 0.04 rad/sec, and interagent offsets to achieve a triangle formation.
For the test of Figure 13 , a section of the lemniscate trajectory (13) was calculated similarly, with a = 2.4m, c = 0.02, and interagent offset to obtain a triangle formation. Figures 12 and 13 show that after a transient in which the robots converge to their desired position in the leader-follower pair setting, they move along the trajectory maintaining the desired (triangle) formation.
An important issue observed during the experiments is that of the cumulative odometry errors. Since the robots used dead-reckoning to estimate their position, the errors in the position estimation, although small for each iteration, accumulate so after some time during the experiment one is able to notice a descrepance between actual and estimated position [25] .
In addition, communication delays from temporary link failures caused the robots to stop while receiving the leader position, and tend toward the last received position. When these disconnections were short, the robots recovered their position in the formation, but if the delay was excessively long or permanent, the leader follower pairs were broken.
ThD02.1 VI. CUMULATIVE ODOMETRY ERROR ANALYSIS
A. Odometry system description
The odometry system consists of one optical encoder attached to each motor that provides the Data Acquisition Card (DAC) with pulsed signals that allow it to estimate small angular displacements. These signals provide to the control program the linear displacement of the right Δ r and left Δ l wheels during a program iteration.
Assume that the directions of the linear and angular speeds shown in Figure 1 are positive. Then the linear and angular displacement (Δ and Θ) of the robot for each iteration can be calculated as:
Next, assuming that the linear and angular speeds v and ω are constant over each constant sampling time T s , the kinematic equations (1a)-(1b) are integrated over T s yielding
where generally α k is the value of α at iteration k. Using (15)- (16) the position of the cart can be estimated from readings of the wheel's encoders and the initial conditions provided to the robot at the beginning of any experiment.
B. Instantaneous error in position measure
Assumption 1 Assume that the errors in the measurement of the linear displacement of the wheels are constant for each iteration, identical for both encoders and additive to the real displacement, i.e., Δ r =Δ r + ζ, and Δ l =Δ l + ζ, whereα represents the measured value for α and ζ ∈ R is the constant, additive error.
Assumption 2 Assume that the errors in the measurement of the linear and angular speeds of the robot are negligible.
Assumption 2 makes sense because the robot uses Frequency-to-Voltage Converters (FVC) to obtain a voltage signal from the encoder that is proportional to the linear speeds of the wheels, so while the errors in the position estimation are cumulative, the errors in the velocity estimation are only instantaneous. Next, defineΔ =Δ r +Δ l 2
, and Θ =Δ r −Δ l 2l
. Then using Assumption 1 and equation (15) we obtain Δ =Δ + ζ Θ =Θ (17) so the angular displacement is error free under Assumption 1. Next including (17) in (16) we obtain x n =x n +x n y n =ŷ n +ỹ n θ n =θ n (18) wherex n ,ŷ n , andθ n are given by (16) substituting Δ and Θ forΔ andΘ respectively, andx n , andỹ n are the errors in the measurement of their corresponding dimensions,
Using trigonometric identities, and approximating θn+θn−1 2 ≈ θ n , and sin(Θ) ≈ Θ for Θ very small 1 , the errorsx n andỹ n can be bounded by ζ i.e.,x n ≤ ζ and y n ≤ ζ for all Θ. Thus,
C. Boundedness analysis with cumulative errors
Note from (20) that the position, after the N th iteration of the control program, will be given by
so the small instantaneous error in each measure ζ, grows additively with each iteration, affecting the stability properties of the closed-loop system given in Theorem 1. However, if any bound on N could be obtained, (by periodically obtaining absolute position information) the tracking error remains within some pre-specified bound. Consider the control law
whereĥ andẑ are given by (7) and (5) substituting the exact quantities by the measured quantities, i.e.
whereê is given bŷ
andp is measured position vector xŷ T Substituting the control law (22) in (6) we obtain,V 2 = −K e e 2 2 + z T h −ĥ − K zẑ , which after the inclusion of (23), and (24) becomeṡ
T K e Sẽ + K e K zẽ 1 Θ will be guaranteed to be very small by using a small sampling period Ts assuming that the robot is only capable of finite angular speeds Applying the inequality α T β ≤ α 2 β 2 , and assuming that the angular speed has maximum attainable magnitude ω ≤ ω M ,V 2 can be bounded aṡ 
Theorem 2
In the closed loop system (1) and (22) , withĥ given by (24) ,ẑ by (23) , and K e , K z > 0, z is uniformly ultimately bounded by a linear function of the number of steps N :
VII. CONCLUSIONS
We have developed a leader-follower control law that makes a mobile robot track a desired trajectory at a specific position in the plane with respect to its leader. This control law has been designed for a unicycle type mobile robot using its dynamic model via a backstepping technique. The possible application of this leader-follower control law to formation control has been discussed and shown in the simulations and experimental results presented.
A special case of pure tracking of our control law has also been discussed, showing that it can be used to track special classes of non-feasible trajectories. Finally the effects of the cumulative odometry errors in the closed-loop system have been analyzed, showing that at least boundedness can be guaranteed for the system if the position estimation is periodically corrected by some external measurement.
Future research directions for this work include the extension of this control law towards a complete formation control with agent interactions, obstacle avoidance, and the compensation of communication effects, that are briefly explained in the experimental set-up.
